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Guaranteedpredictionsets viaorientationinequalities

1 Introduction

Splitconfoundprediction
XY Gm Y X Y exchangeable

sky nononformityscore e.g for
regressionsty lyflat withpetroindf

S S i t yn
mo sa Sca say orderstatistics

Predictionset for a from Ef 1

Gc yey say Scraactin

Marginalcoverageguarantee P YeCA 1 α

tw.rttoEIEEW.HN

Guestion on we derivecalibrationaditionalguaranteesoftheform
P PYECCHIO 1 α 2,1 8

Established.int i a

Somewhatstronger than
P YECK DD P YECKI 1 α



2 it toleranceregion viewpoint on split conformalprediction

2.1 Reminder toleranceregions

Wilks 1941 Wold 1943 IcheffeandFukey 1945 Fukey 1547 etc

Luffose 2 Zn are i id copiesof a realvalued r.ro 2
F _ofof2
D lowof 2

Problem construct a toleranceregion 4 2 2 942 2nd It
suchthat P 2 I I 71 α 7,1 8

Entz contains atleast a 1 α fraction formostobservedn samples
ofthepopulationmess

Gesidedalternative PGG iTDEI.fma If
Solution I and I ofthe form I Za orderstatistics

Gheorem Wilks 41 IcheffeandEukey45 Wilksmethod

If Fis ontenuous D 4may Betamar 21 22
D C iZcas Bet k ma k

If F is notoutenious therandommasses C above
statisfystifatethe Betadistributions above E.g

P Of Zcas t P B t with Bn Beta k 1 k

Inparticular if PB 1 α 71 8 thenthisalsoholdsforDG Zen



Proofingredient simulatethe 2 s byinversetransformsampling
and reduce theproblemto the case D 6691 up to on

inequality if F is not_antinuous

2.2 Application tosplitconformalpredictors see book2012

In all thesequel weassumethat areindependentopiesof
andthat αeels 1

Beall that Cfo yey stay Sca

so that P YECK a P sXY scan D
DC Sca with D broof s XY

MEBetter ar k If Etf
Fget P PYECx a 1 α 1 8 wethuspick ke 1 n suchthat

quantiles Beta k 1 k
fidiff 1 8 e.g if 23k

Thief ftp.betaBindistributions Lemma e.g Work2012
Fails Better

a 1 2 8 m 1 they it peers

Binna K 1 1 86 Binnp
k 1 1 Better alp

Wethuspick k It quartiles Bin n 1 α and set

C a
y story seas

Elan P P YECK D 1 α 1 8



Note that the choiceof k Tent1 1 47
recommended

bythe split CPmethodonlyyields when S XY hasa_antinousof

P YECE On Bet k ntt k whoseexpectation

equals T
1 α

Therefore the coverage P YEC X Q isoften below 1 α

butnotmuchbelow sincebyBernstein'sinequality seeAppendixA
for

details

P PENNY α

3 Beyondbinary losses

Go keyreferences
I Bates et al 2021 Distributionfree risk outrollingpredictionsets
Porketal 2021 PACenfidencesetsforDNNsviacalibratedprediction

3.1 Letting set valuedprediction withnestedsets

Let
lossfunction Lly 5 30 benonincreasing in S Y foranyyoy
Cx1 yen be a familyofset valuedpredictors with NCR closeandsatisfyingthenestingproperty Ed HEX G K CX

Assumealso figmentyGbd D forallbigleXxy



Risk Let XY be a randompair in Xxy Weset forall EA
RA ELLYCHD JLY d dPX.HN

Emmptin

EI conformalpoliction

x yey soy X NB myExalanisofthis
formif fix God Good

Lly 5 1y S
R X E L YET P Y C X

Ecc multicless classification with class varying loss

Y 1 K

For S Y Lly 5 ly.tl s somemistakes are more

serious than others

Cx x all losses that a trained DNNpredicts as

likely softer 1

Ess multilabelclassification

KEX YC 7 K multipleclasses forobjectx

For So iink Lly s 17151 1 lynst
ly

NB inthisexample 5andy live inthesamespace P 1 K



Otherexamples imagesegmentation close to Ex 3
hierarchicalclassification
proteinestructureprediction
etc as long as x more

nested

Lly 5 is noninoosing in 5
3 2 The RCPS algorithm

Let 0 and Se 0,1 be toopredefined risk levels

Let G kin be 1 opiesof x Y Weset Q Eileen

Assume RTX is a randomfunction built for Q suchthat
P RA RTA 1 8 1

fanboisehighprobabilitybound

Then choose In from On such that assuming
existence

X RECX α 2

RAN

him
in some cases RIX is nonincreasing



Examples we assume Lly 5 founded in say 0 1

Using Hooeffling'sinequalityandsetting RX I EILLYGW

PIRA EEEE.EE a
If instead we use an empiricalBernsteinbound Mourerand
Pontil 2009 we obtain with X In 4 947 RCD

PCA E If i E
n s

Manyother non asymptoticconcentrationinequalities beyondboundedloss

Let us justmention a lightRTC whenLly5 Ayes 91
RICH sup peco.is BiEiiikas s 3

See
e.g Longford

2005 Cheon3.3 fora proof or AppendixAbelow
NB Inthatcase RCPSreduces toWilksmethod seeSection3.3below

Theorem Bateset al2021 Assume Xi Xi n
e copiesof

X Y Xxy and that RI X satisfies 1 with α 70 Se10,1
then any Insuchthat

2 holds satisfies

P RCA α 1 8 Pis w.at randomdowofEH.nl

If R isrightcontinuous the conclusionalsoholds with
X if Xen X X RICH α



Proof We can assume robgthat XEN RA α

The
sup XEN R X α since Eight

Wedistinguish to cases

If whee with probability 1 8

CRE RICH
bydefof

so that by
2 I whichimplies RCI α

Eased RC α
Let X A suchthat X Inparticular R X α

Asbefore with polobility 1 8
RA RICH

so that In X on this event

therefore P X X ftp.t P X X 1 8

Inparticular P RCI α P RCI RCI 1 8

thisincludes thefirstpartof thetheorem

Thesecondfort follows as a consequence Be



33 For Bernoullilosses RCPS with 3 amputesWilks toleranceregion

We assume here that L y 5 My s so thatRA En K

RIX sup p Bin p MRO 8
stiff.gligpceos.eem

Wealsoassumethat xeX den leg C a G x oftentrue

Notethat the_case nRX n is treatedseparately

RICKα Binn mRA 8 es smallenough

Binn n mRICH 1 1 8 e so smallenough

at n

i iiii im nk.CA 1 mn ÉÉÉsy
É 1 quartiles Bin m 1 α kn.gs

fumingexistence

Ya s
where

Aws

Effete Yeas
Flashgion seen in Section2.2



AppendixA LomeusefulfactsaboutBinomialandBetadistributions

Wewrite
tea to Beta t forthe cumulativedistributionfunction of ofthe
Beta a b distribution a 630
ke 0,7 in Binnp k forthe_ofofthebinomial Bin n p distribution
m 1 pe0,1

Lemma e.g book2012 Gemma3 inarXivversion
m 1 the 1 im ptGT
Binnp

k 1 1 Bettermale

Proof let U Un Waif 6 3 andsetVan Ua
Weknow that InYep Bin n p andYes fBetter

1 k

therefore ifPoge2 withDUniton
Binp k 1 1 P X k

1 P Ua p
1 Betama p te

Fact for n 1 and α SE 0,1 wehave

The24 n s t quantiles Beta k nt1 k 1 α i

quartiles Beta n 1 1 α ii

α 1 8 Ciii
α 948 iv

Proof wehave a naturalenplingofalldistributions Bet k ntt k key in

givenbytheorderstatistics Ua Uas with 4 Un UnifCoD



recall that Uca Beta R n k for ack ke 4 in

Therefore

Beta n 1 low 4 To low Yas Bet k 1 k

so that

quantiles Betty quartilesBetter 1 k
This proves Ii di

Furthermore

Beta 1 2 8
P U 1 α S
PC.me UEr a S

a a s

α 1 8
which proves Cci Ciii

Finally note that
1 8 1 expf 1s a 8

so that iv Ciii see

theorem
e.g

Germ3.3byLongford2005 it tighthighprobabilitybound on p
Let m 1 p 91 and Z Bin n P
Chan the

r.o.ptsup peer Bin 2 8

Idf ofBin n Psatisfies

p p pI 1 8



Proof since 2 Bin p we have Bin 2 toHanif 0 1
Tof ofBin n P

so that P Bin 2 8 1 8

Noting that Bin 2 8 C p pI includes the proof

Lemma concentrationofbetadistribution Leebook2012 for a somewhateffetelyLet 1 α 1
1 k 1 that in

Then for Beta k n 1 k and
any SE Q1

P x 1 α 29455 2991 1 8

Proof sketch let Ʃ FIST 2h18 and assume that Eat

P X 1 α E 1 Betaaina 1 α e

Binman k 1 by a lemmaabove
P S k 1 for Sr Bin n 1 α e

1 P S k

But
P S k P n s n k

Binnate n k

s
where the lastinequalityfollowsfrom Binn n k Bin

p
n k

with p FEED 2h18 Lat E bythechoiceofa Fund
and from Binp n k 8byBernstein'sinequality Be
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