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I Setting

② Notation and aim

•
let ( Xi

,
Yi ) random variables with

covaeiated ↳ outcome

Xi EIR
"

d possibly huge Cfor simplicity ,
it could be image, geoph, 

Yi E y e.g . y -

- 31 ,
. . ,

K }classificationor g -
- H2 regression

• (Xi
,

Yi ) are iid N P I unknown ) over several samples :D=
( He, Ys )

,
. . . , An, Yn) ) full training sample observed

D test  = ( Xnts
,

Ynts ) test sample
a

observed
↳ not observed

Aim : buildEat . ;D ) CY such that

IP ( Ynts E In ( Xn + a ;D ) ) > I - L
"

prediction at "

⑦
-

me foracydistribution P C or weak assumption likenoties )

⑦ true for Eysample size n > I

⑦can be combined with
any

"machinelearningalgorithm

① Eh = Y allowed ( not necessarily informative)



② Non - conformity score function
Measurable function S ( . ;D ) : C x

, y ) C- Rdx Y as Th

• regression scary ;D ) = I
y - JeGe

, D) I
"

residual
"

for Jefe,
D ) estimatorof reel -

- E [ Ya I Xs -
- a ]

. classification scary ;D ) = I -
I

. Cy;D
)

" KYLEpthfachohef.net! "

for TT
. Cy ;D ) estimator oft.ly)=P Cy-

- yIX. ⇒  e)

Slay ;D ) is huge if y
does not conform to the prediction in se

I Classical methods

② Naive method

• Compute Si  
= Sl Xi

,
Yi ;D )

,
I fit n

↳ empirical distribution of
'

typical
'

non conformity scores

•
Take

ga
"

some quantile
"

of this distribution

•
Choose I Hms , D) = { y

E
Y : SC Ants

, y ;D) E ga }
as prediction set

§ fail in general :
under interpolation si -

-
o

,
Kien .NL

↳ on worksasymptotically
,

with a good predictor !



The problem is that D is used both for prediction
and for evaluating the quality of the prediction

② Split conformal method

[Papadopoulos etat
.

Good ] = inductive

Split D into

=  split conformal

⑦ their
= ( ( Xi

,
Yi )

,

it It rain
) size n than

Deal= ( C Xi
,

Yi )
,

if Iced ) size had

•
Non - conformity score function sloe

, y ;D train )

•
Scores Si  

= S ( Xi
,
Yi ; Dineen ) ,

inE Icel

•Take ok
-

- I-A - quantile of Csi
,

it Icel ) 03 to }

=

4--44
that - quantile of Csi

,
it Icel )

= S
( see-d) Chad THT )

for Scs, E . .  - E Sanae,
E Scnaeets,

= to

Then the split conformal prediction set is given by
split

I Hints , D) = { y
t

Y : SC Ants
, y ;D train ) E ga }



Examples :

* regression : prediction

interval
life , Dynein) estimatorof meet -

- E [ Ya I Xs -
- x ] can be

,
anything .

Si  =/ Yi - § ( Xi
,

Dtnein) I
,

if Ieee Cols
,

NN
, RF . . . )

split
& Hms , D) = {y

t
Y : I

y - flats Dtnein) I E ga }
= f Huts

,
Dtnein ) - ga , fu ( Xnts

,
Dtnein ) tga)

Australian good predictor ⇒ ga small ⇒ small interval

* classification : prediction label set

TT
. Cy ;Dtwin ) estimatorof Idly)=P C ' f-

- y I X
,

- x ) ( RNN
,

NN
,

. . . )

Si  
= I -Iq

.

( Yi ; Dthein )
,

if Iced

split
& Hints , D) = { y

t y : I - txnslyi Detain ) E ga }
= d y

C-

Y : Tandy ; Plain ) > I - ga }
Note that the threshold G an gaede

les labels
y

E y les

1-ga is notI - L plus probables au vie des scores

de references .

good classification ⇒ ga small ⇒ few labels in Ba



Proposition : VP
,

T ( n train , nee )
,

split
PC Yate E Eat Xnts ;D twin ) ) 3 I - d

and if Pl ( Si = Sj ) = o ttitj E I - X tEs

speitanformalisveh.de#

Proof : Santa = S ( Xnts
, yay . Dynein )

with

accuracy

I Eee

• Hits

#
Fa ( Xnts ;D twin ) ⇒ Spy,

t Sms ,
na = He - all nad ted

⇐ ? 112 Si do Sms } 3 na
E Icel

⇐ N 3 Si L Sats } > a-d) ( had te )

naeltt elements inTIEIad U ants }

⇒ I d 2 si z Sate } E & ( had t s )
i C-  Eal03 at 13

= rank of Sms in 3 Ss
,

- . . , Shoal,
Snts }

• But ( Xs
,

't )
,

. . .

, Hn, Yn )
,

l Xnti
,

Yate ) iid

⇒ Ss
,

. . .

, Snail , Sms exchangeable I Dthein

if si  ¥ Sj for i -tj almost surely then rank Nuts
,

. . .

,
halts )

and P ( Ynts #I Hats ;D twin ) ) = Etched:L )]
okay !

C- [ a -

a# ,
, a ]



in general ,
we have

lemma IRomano and Wolf C 2005 ) ] I empiricalp .

values are super - uniform)

For ( Ys
,

. . .

,
YB

,
Yrs t s ) any

reel valued exchangeable head our vector

PC ÷ , 7 113

Yb
> Yrs

. . } E a ) E K¥3 E a
Bt I

↳ re IF ( score Ho 3  observed score ) '

empirical purdue:

Proof : see for instance [A slot et al
.

Goro ) ] proof Lemma 5.2

Here the empirical pvalue is : f Hats) -

- II
,

Izzy
u ,

aught
3 Si 7 sorts }

This shows P ( Ya
, #I I Xnts ;D twin ) )E &fined:L" ⇐ d

D

Split conformal to easy
to compute

⑦ splitting a bit arbitrary and sample waste

③ Full conformal method [

vketalceoosj
]

¥ I Keep D= ( He, Ys )
,

. . . , An, Yn) ) full training sample
o and train with D U 9 ( Xnts

,
Ynts) }

•
nonconformity score function Sloc

, y ; D U 9 C Xnts
,

'Intel } )
-

gwhich is assumed permutation invariant w
. r

.

t
.

sample
•scores Si CYn + s) = S ( Xi

,
Yi ; D U 3 I Xn te

,
Yates 's )

,
If i E htt

full
rn

& Hints , D) = { y
t

Y :

Snuff
) I Svu . aunts , ly) }

= ( ka-d) Chattel )

for Scs, E . .  - E Sanae,
E Scnaeets,

= to

Then the split conformal prediction set is given by
split

& Hints , D) = { y
t

Y : SC Xnts
, y ;D train ) E ga }



Proposition : VP
,

ten
,

full
PC Yate E Ea( Xnts ;D twin ) ) 3 I - d

and if Pl ( Si = Sj ) = o t it j E I - X tIsfuleanformalisveh.IT

Proof by the previous proof , just have to show that

( Ss
,

. . .

, Sn
,

Sorts ) are exchangeable

Clear because to permutation of 3h . . . ,
nts }

( Src it ,
l E i Ents ) = ( 5 ( Xrcii ,

Yrci , ; ( Nj, Yj) ,
i Ej Ents )

,
if i Entz )

= ( S ( Xrcii ,
Yrci , ; (

Hogs, Yap)
,

1 Ej Ents )
,

If i Entz )

ptimetalion invariance of score function

N ( S ( Xi, Yi; ( X. Y. )
,

i g Ents )
,

If i Entz )J ' J
house Xs

,
Ys ) . . .

( Xm
,
Yous ) are exchangeable D

Full conformal If no sample splitting and
'

cleaner
'

difficult to compute

Possible to
'

con formalize
"

. Ridge Enouretdinov et at boost ]
.

LASSO [ Lei Gott I ]
↳ see also the works of Engine Ndiaye I AppleParis )



0 Cross - validated conformal method E Barber etat

Good

]

Aim : ⑤ computable
=

Jackknife

t

⑦ no sample splitting
but

.
.

. -0 loss of a factor 2 in the coverage

• score function Scx
, Y ;D' )permutation invariant in sample D

'

•
scores Si  

= S ( Xi
,
Yi ; D-

 i
) se i En

'

leave one out
' Ijackknife

'

t ( Xa
,

Is) ,
. .

, His,
Yi.  s

)
, Kite,Titel ,

. . .

, An,
Yn )

• Flynta) = ¥ ,
( It

.

,

113 Si 3 scxnts
,
Ynts ; Di ) } )

• BITXm ;D ) =3 ye y : fly ) > a }Theorem: V-P.tn ,

A ( Ynts E Ed
"

( Xnts
,

D ) ) 3 I - 22 t ¥ ,d

(such that Ski
,
Yi

, D÷j) has no lies with proof notalias ) Z L - 22

or conformal is valid
up

to a factor2

Proof Key point :

lemma : for any binary
"

anh-sywetu.ci

matrix A pxp with null diagonal

Aiff 30,13 ¥j= I - Aji
Ftii  =  o

SAI =3 Is  inEp : ¥4 Aij > per - as } Intakehates
many

" I "

is of cardinal E 22 p - s



Pof
: VIESCA )

,
we have

It I C 1-tij7-j-2.es#f1-Aij7Ej.?nC-Aij) =p -II. AijEpa
JESCAI Hid

For any
pair Ck

,

e) C SCA ) with k-teeetci.peSCA )styjig?Ike }

This makes at mostlsatkpx- s) choices for a pair of sea)

Thus 15¥ISCA) I - 1) 12 E ¥
Cpd

- I ) D

Then let D
'

=D

U2lXnts.Yntsl3@g7E3t.n
tsf,

D!
 ij

the set D
'

with Hi
,

Yi ) and Cxj, Yj ) have been removed

Rig
.  

= S ( Xi
,
Yi;D÷j)

" residual ini with sample - i - j
"

Aij  
= 113 Rig

. > Rji}
"

score better in i hang
.

"

A Cnthlxcnts ) binary
"

antisymmetric
" matrix

t true from # I

Also
, by exchangeable

.

kg of Deihl ,
. . .

, ( Xm ,
Ynts ) ,

we have

Vi
,

3 Rij - Rji , agents } N 312ms
,

- R
,

nts ,
I Ente }

IT : it my
Njt Tgi

TEY?. Aig
.I Ann,j f-3 Rntsj - Rjnts , IS

'

Ent B
notordered set

Hence Die Rhu
, i

P(Ynts¢Ea"( Ants
,

D )) TIP!In 113slxgiliiD.hn.jkscxntsihtsiD.hn,
B

xnted FREEfacets )=P ( I Ants,j
3 ath ) t ) put # outsideji =L nts y Rnttij

¥ '

n
,÷÷n¥ IP (E. Aig. > atria ) = E I I ffII )gaminesht I

A) lemma D



xaonples

. regression SCXI
,
Yi ; Ri ) = I Yi - tiki ;D .

ill

p x a

⇐ It all Hickam ,Ri) - Sieh.ae/eHntnD.ilt--Si
} > CHIK

( next ⇒ x )

⇒ adherent . Pit- Sieh
.ae/eHnmRiItsi3zKntnaI- -

= ai = bi

⇒ Fall I Yuta Ebi} >Antell] Yuta Ibcrcntsia-ash{
¥113 a Yate } >

factual⇐ {
Hits >

Accounts
)

jacknife
[ Barber etatGoat) ] choose Ya = fAckman ) , bluntly

- AD )
Illustration nest =3

,
n -

-

7 [ ai
,

bi ]
,

rein
mm

I

iii.
:

iii. iii.
"

÷ ::
O I 2 3 43 4 3 212 3 2

A I

-

they loose this
be

+ naan )Al this )

classification: need to invest Tinney

;D
. i ) not explicit  in general



IISome

extensions
② Nested prediction

sets
I Gupta et al Ceo 2251

the shape of prediction interval in regression very
'

basic
' A

↳ fed± go

→ general approachencompassing
many shapes of prediction sets

} Ft Cx ;D73
e e p

C Y nested
sequence of prediction sets

their my
d

TUR ttf t
'

, Feck ; Detain) E FECK
,

- D twin )

score function S Gay ;D train ) =  inf 3 t E T :

y
E Fe C x ;D twin ) }

↳ smallest radius of the set capturing y
scores Si  

= S ( Xi
,
Yi ; Dtnein ) and usual split conformal c. . . )

→ also works with full Icv anformal (proofs for free ! )

usual

locally weighted

conformalignedankle



② Conditionalguarantees →
conditional

coverage
is  always more informative

* conditional on the full training sample D

[ Vo v k 12012) ]
,

(Bian and Barber ( 2023 ) ]
,

[ Liang and Barber ( 20233 ]

Let Lp (D) =P ( Hits ¢ TINY Kate) I D )

Aim : P ( xp ( D ) E a t e ) > I - S

Hoeffding : E = the works Cconcentration of Sa-

a. a , cnn.sn )
Is such result possible for full conformal Icv ?

•
not for any predictor

•

yes under a

'

stability condition'

for the predictor

*
conditional on the new co variate Xnts

Ideally ,
the prediction setshould be tailored to the co variate Xnts

↳ valid for all individuals with the same co variate knits

HP
,

Tn
,

P ( Ynts E Ea ( Xnts) I Xnte = so )¥
'

I - L

for P - almost all a

[ Vovk Gotz) ]
,

[ bi and Wasserman (201417 xnt '

L

Theorem : if# holds
,

and in the regression case
,

we here

Eau
'

degenerated
'

:

VP
, Pp ( Ifj Go) I = a ) 2 1 - L for Px

. .almost all a not in theatoms
of Pan

Proof: if FP : teakto with pub a > L build P
'

with Y huge contradicting * ,



[ Barber et al
.

( 2020 ) ] with a weaker aim only possible to say
trivial

Definition (conditional
coverage)

things

Egg does a - a
,

s ) - CC
, if

RC Hits E Egs Hats ) I Xnts E a ) 3 I - L

for all P and second with Be (a) s
,

S

: t Egg satisfying Ce - 4 s ) - cc
,

we have

ECM Egs Hath)] > Cha ) inf E EMEI ]
I with

→ maginot car at a - Ls marginal car > t - as\

is essentially the best that
you can do

↳ if then E EN EL C Xn + s ) )] 3 gap
3 !. } bagel?

Definition C
group

conditional
coverage )

I such that A ( Yate E Ea ( Xn.
is I Xn te EG) z I - L

for all P and GE G ( subsets of Rd )

I Vovketal
. Good] Mondrian conformal prediction → non overlapping

groups

[Junget al
. Goes Cribbs et al

. food ] More generalsolutions



* conditional on the new label Yn + s

Investigated in classification →

'

class specific coverage
'

D. classical coverage provide more coverage for forewent classes A

if y =3 Common Cold
,

Flee
,

Cow d } maybe always predict
if=3 Common cold

,
Flee} has correct coverage

[ Lei CeoHD
,
[ Sad ink et al

. ( we8D
,

[ Der ha cobian et al
.

Car ? ) ]

UP
, Ty E y ,

P ( Yn
+ s

E Ea Chats) I Yat s
-
- y ) 3 I - L

.
all classes treated equally ,

so
'

fair
'

.
kind of frequentist guarantee because unknown quantity y is fixed

= confidence region for the parameter y

Classical solutionis to calibrate by separating the possible labels

③ Beyond ex changeability

* Covaeiate shift f- domain shift )
Whet if we calibrate with

wrong
data ? calibrate with

'dogs'

evaluate on
' cats '

[ Tibshivani et al
. Good ]

( Xi
,
Yi ) i id N P = Px a Pax{ Anti

,
Hits ) N B = PI x Py, ×

2 wvaeiate shift

Solution is to use weighted quantileI p -
values with wed = IYp¥f#

,←

to  compensate the covaieate shift



Namely LynnE Bismil Ants ) 's =3 Fw > a }

with

pw =

wants ) t

, tzaewcxi, y , g

§?
" "

Djan:#
skater Hui Han)

iezaeew( Xi ) t  w ( Xnts )

→ still provide coverage a - L Cweighted exchangeability )
→ if weights unknown and estimated

,remainderterm [ n and Conde'S caress

*
'

Almost
'

exchangeable case C Barberet al
.

C 2023 ) ]

• ( Xi
,
Yi ) 's inobp but

ofv
( L di

,
Yi )

,
Lente

,
Yuta) ) not zero

• weights (
wit

i c. Iced fixed in Co
,
Ethel

,
Wwi = Yi i E Iad OHHHI

Wnt = I
Zwit I

ie Iced

. weighted split conformal as above with

Ph -

- on.it?zaewin3sis.sn+iswFeeBatsotIu

Theorem :

P (Yate E Faw
'sMtl Xnts) > I -L - 2 Igat Itv ( Ll Xiii )

,
Llxnte

,
Yat s ) )

↳ remainder

Example
:

dir
(L (Xi

,
Yi ) , Lcxnte

,
Hits) ) ⇐e Cnts - i )

'
time shift

'

↳ 
' II! ÷ *⇒ pnttiae.Eipi-E.pt.

⇒ remainder



④ Transducer e approach C Vovk Goes ) ]

(Bates et al C we3D , [ Maraud on et al (weed
, Kayinet al Car3D

D test  = ( (Xnts
, Ynts) ,

. . .

i Htm, Yntm) ) test sample of sizemobdied ↳ not observed

Multiple prediction sets
mi , an

such that

FCP (E)= Im ¥7113 Ynti ¢ Ei
,
t } is

'

small
'

in probability

= Em ¥7113 pi E t } to study

Split conformal : pi. = feats ( It ¥zSj >Smit ) ,

④i .

1 fi Em )
2 Ei Em

• positive dependence EBates et al cared ]
. full distribution known } Craginet al can3D

,

•
concentration see also Claques(2023$

Theorem ( DKW type concentration ) Assume no ties in Si 's as
.

" ( stuff,CMH -
t ) > t ) E (stuntmen) e-

" "

for t : = Laffin E FEhad im
, had him ] and t > o

⇒ with peobas,
t - S

,
th

,
FCP K ) E 2 t remainder ±eoz
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